MULTIPLICATIVE BIJECTIONS OF SEMIGROUPS OF 
INTERVAL- VALUED CONTINUOUS FUNCTIONS 



JESUS ARAUJO 

Abstract. We characterize all compact and Hausdorff spaces X which 
satisfy that for every multiplicative bijection ip on C{X, J), there exist a 
homeomorphism jj, : X — > X and a continuous map p : X — > (0, +00) 
such that 

for every / G C{X, I) and x £ X. This allows us to disprove a conjecture 
of Marovt (Proc. Amer. Math. Soc. 134 (2006), 1065-1075). Some 
related results on other semigroups of functions are also given. 



1. Introduction 

For a compact and Hausdorff space X, let C{X,I) denote the semigroup 
of all continuous functions on X taking values in the closed unit interval 
/ = [0,1]. Motivated by a result of L. Molnar (see J- Marovt studied 
the form of multiplicative bijections on C(X, J) in a special case, namely, 
when X satisfies the first axiom of countability (see [1]). He proved that 
if (p is such a map, then there exist a homeomorphism /i : X — > X and a 
continuous map p : X — > (0, +00) such that 

^(/)(x)=/(Mx)r(^) 

for every / G C(X, /) and x ^ X. We call maps of this form standard. 
Marovt conjectured that every multiplicative bijection on C{X,I) was nec- 
essarily standard, and that the assumption on X of being first countable 
could be dropped. 

In this paper we prove that Marovt's conjecture does not hold. In fact we 
give a characterization of spaces X for which there exists a multiplicative 
bijection of C{X,I) that is not standard. Roughly speaking, we prove that 
this is the case if and only if X is the Stone-Cech compactification of a 
proper subset (see Theorem 12. 2p . 

We study a more general case, as is that of multiplicative bijections be- 
tween semigroups of functions. Of course, a multiplicative bijection between 
arbitrary semigroups of C {X, I) need not be of the above form, even if they 
separate points. A simple example is the following: take X having only one 
point, so each semigroup of C{X,I) can be identified with a semigroup of 
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/. Consider for instance s = 1/2, t = 1/3, and A := {s"t'" : 71,171 G N}. It 
is now clear that the map sending each s"t"* into is multiphcative and 
bijective, but cannot be described as above. 

Nevertheless, our technique can be used for semigroups other than C{X, I). 
In fact, it works if we just require these semigroups A C C{X, I) to satisfy 
the following three properties (where, as usual, if / € C{X, I), coz / denotes 
the set {x € X : f{x) 7^ 0}, and supp/ denotes its closure). 

Property 1: Given any x (z X and any neighborhood U of x, there 
exists f G A such that f{x) = 1 on a neighborhood of x and supp/ C 
U. 

Property 2: li f,g € A satisfy f{x) < g[x) for every x € X, and 
supp / C coz g, then there exists k G A such that / = gk. 

Property 3: For each x G X, the set (0, 1) n {/(x) : f G A] \s 
nonempty. 

It is easy to see that the image by a standard multiplicative bijection of a 
semigroup satisfying Properties 1, 2, and 3 is a semigroup that also satisfies 
them. One of such semigroups is, for instance, that of all continuously 
differentiable functions on / (also taking values in /). The general form of 
multiplicative bijections between this kind of semigroups will be given in 
Theorem 12.11 Finally we also give an example where Marovt's result does 
not hold for multiplicative bijections defined between general semigroups of 
this type, even when the ground spaces are first countable (see Example l3.5p . 

Suppose that ip : A — > B is multiplicative and bijective, where A C 
C(X, /) and B C C{Y,I) are semigroups satisfying Properties 1, 2, and 
3. We say that y € 1^ is a standard point for 99 if there exist a number 
p € (0, +00) and a point x G X such that ip{f){y) = f{xY for every f G A. 
We denote by TZ{ip) the set of standard points for ip. 

Throughout we assume that X and Y are compact and Hausdorff spaces. 
Given a (completely regular) space Z, we denote by (3Z its Stone-Cech 
compactification. 

Remark finally that our results are essentially different from those given 
in [5] for multiplicative bijections between spaces C(X, M) of real- valued 
continuous functions on X. Even so, there is a similarity in that the multi- 
plicative structure of the spaces of functions determines the space X up to 
homeomorphism. More recent results in this line, concerning multiplicative 
maps on C (X, M) , are given for instance in [2] and [3] . 

2. Main results 

We first give a theorem that provides a description of multiplicative bi- 
jections between semigroups satisfying the above properties. Recall that a 
subset Z of y is a cozero-set if there exists a real- valued continuous function 
/ on y such that Z = {y£Y : f{y) 7^ 0}. 
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Theorem 2.1. Suppose that ip : A — > B is multiplicative and bijective, 
where A C C{X,I) and B C C{Y,I) are semigroups satisfying Properties 1, 
2, and 3. Then 

(1) there exist a homeomorphism fi from Y onto X and a continuous 
map p : TZ{ip) — > (0, +oo) such that 

for every f £ A and y G T^i^); 

(2) the set TZ{ip) is a dense cozero-set in Y , and the map p can be ex- 
tended to a continuous map from Y into [0, +cx)] taking values in 
{0, +00} at every point ofY\ TZ{ip) . 

Remark 2.1. Property 3 is necessary to ensure that Theorem 12. II holds. For 
instance if we take X = Y = [-1,1] and ^ := {/ e C{XJ) : /(O) G 
{0, 1}}, it is clear that A satisfies both Properties 1 and 2, and that the 
map if : A — > A defined, for every f £ A, as ip{f){x) := f{x) if x < 0, 
and Lp{f){x) := /(x)^ if x > 0, is a multiplicative bijection. Nevertheless, 
'R-{ip) = X, so each point is standard for ip, but we cannot find a continuous 
map p as given in Theorem 12.11 

We next state the theorem characterizing all spaces on which can be de- 
fined a multiplicative bijection that is not standard. Recall that a topological 
space Z is said to be pseudocompact if every real-valued continuous map on 
Z is bounded. 

Theorem 2.2. There exists a bijective and multiplicative map ip : C{X, I) — 
CiY,I) that is not standard if and only if X and Y are homeomorphic and 
there exists a subset Z ofY, not pseudocompact, such that Y = [3Z. 

Obviously Theorem 12.21 gives an answer in the negative to Marovt's conjec- 
ture. It is enough now to take any completely regular space Z (thus ensuring 
that its Stone-Cech compactification exists) that is not pseudocompact (as 
for instance N, ffi, or any unbounded subset of a normed space), and we 
have that there are always multiplicative bijections on C{(3Z,I) that are 
not standard. 

3. Some other results and proofs 
The following is a key lemma to prove Theorem 12.11 

Lemma 3.1. Suppose that u : si\ — > £^2 is an order preserving multiplica- 
tive bijection, where and £^2 ire semigroups contained in (0,1). Then 
there exists p € (0, +00) such that u{^) = 7^ for every 7 G js^i. 

Proof. Suppose on the contrary that there exist a, (3 (z £/i such that u{a) = 
oP and «(/?) = Z?"^, where < p < g. By taking integer powers of a if 
necessary, we may assume without loss of generality that a < /3. Define 
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o := — log a and b := — log /3. Obviously < 6 < a, and we can find natural 
numbers n, m such that 

b n q b 
- < — < --. 

a m pa 

Now it is clear that mb < na and npa < mqb. These inequalities lead easily 
to a"" < /3™ and > /3""i, that is, > against the fact that u 

is order preserving. □ 

Proof of Theorem\K^ ^ For each x € X, let '^a; be the set of all / G ^ 
for which there exists a neighborhood of x where / = 1. 

Let us see that 'iox'-={y^Y: if{f){y) = 1 V/ € '^x} is nonempty. First 
notice that, given any / G 'Wx, the set is compact. On the 

other hand, given fi, ■ ■ ■ , fn S 'r^x, we can find /o G A, fo ^ 0, such that 
supp/o C {z £ X : nr=i fii^) = !}• This obviously implies that /o/i = /o 
for each i, so ipifo)v{fi) = ^ifo) 0. We deduce that fllLi ^{fi)~^i{'^}) / 
0. Then : / ^ '^x} satisfies the finite intersection property, 

and we conclude that '^x is nonempty. 

On the other hand, ip~^ is also multiplicative, so given any y E "^a;, we 
have that the set (defined in a similar way as ^j,) is nonempty. Let us 
see that '^^y = {x}. Suppose that there exists z € ^y, z ^ x. Then we can 
find fz G ^x such that z ^ supp/2. Since z G^y and ^{fz){y) = l, then we 
can find k ^ B with suppA: C cozip{fz) and ip~^{k){z) ^ 0. Clearly, if we 
now take 5 € ^2 with fzg = 0, then gip~^{k) ^ 0, but (p{g)k = 0, which is 
impossible. 

The above process lets us define a map ^ : Y — > X, which turns out to 
be bijective, such that fi{y) is the only point in '^y, and y is the only point 
in 'i^ij,(y), for each y 

We prove next that /i is continuous at every point of Y (and is con- 
sequently a homeomorphism) . Take any y ^ Y, and let U be an open 
neighborhood of ^{y). We will see that, if / € '^^l{y) ^^^d supp/ C U, 
then fj,{cozip{f)) is contained in U. Otherwise there exists z G y such that 
ip{f){z) 7^ and fi{z) ^ supp/, so we can take k G '^^(2) such that kf = 0. 
Obviously Lp{k){z)ip{f){z) ^ 0, which is absurd. 

Finally, we have that, by definition, if y G 'R-{ip), then there exist p{y) G 
(0, +00) and x ^ X such that Lp{f){y) = /(x)^^^^ for every f ^ A. It is easy 
to check that x = fj.{y). As for the map p : TZ{(p) — > (0, +00), we have that 
for each y G TZi^p), 

, ^ ^ log(^(/)(^) 
^^^^ log/(/i(y)) 

for every f ^ A with / (^ (y)) 7^ 0, 1. This implies that p is continuous at 
y, and consequently on TZi^p). 

^ For each y G let := {c;(y) : y G n (0, 1), and define A' for 
each X G X in a similar way. Consider also the set TZi{ip) of all y G 1" such 
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that (/?(/) (y) 7^ 0, 1 whenever f £ A satisfies f{lJ-{y)) / 0, 1. We need the 
fohowing claim. 

Claim. Let y G 7^l(v?). If f,g G A satisfy g{fi{y)) < f{^i{y)), then 
^{9)iy) ^ V{f){y)- Moreover fi{y) belongs to TZi (v?""*^) • 

Suppose first that g{fi{y)) < and take a neighborhood U of 

fj,{y) with g{x) < f{x) for every x £ U. We pick fo,go G ^ii{y) such that 
supp/o C U, and such that suppr^o C {x G X : /o(x) = 1}, respectively. 
Since A satisfies Property 2, then there exists k G A such that {ffo)k = gg^. 
Also k{p{y)) G (0, 1), and consequently 

v{9){y) = ^{ggo){y) = ^{ffo){yMk){y) < ^{ffo){y) = v{f){y)- 

We now prove that n{y) belongs to 1Zi{lp~^). Let /i G S be such that 
h{y) 7^ 0,1. Suppose that ip~^{h){^{y)) = and take any / G A with 
l{^{y)) / 0, 1, and n G N such that {}p{l){y)Y < h{y). We then have that 
ip~^{h){fi{y)) < l^{iJ.{y)) and h{y) > ip{l"'){y), what goes against what we 
have proved above. We deduce that ip~^{h){ii{y)) 7^ 0. In a similar way we 
can deduce that ip~^{h){fi{y)) ^ 1. Thus, /u(y) belongs to 7^1(93). 

Now, working with ip~^, it is clear that if g{fi{y)) < then we 

cannot get ip{g){y) > ip{f){y). The claim is proved. 

For any y G 7^1(93), we may define a map ipy : A^(^y) — > By in the 
following way. Given a G there exists f € A such that f{iJ.{y)) = a. 

Then define fy{oi) := (p{f){y). It is clear by the above claim that ipy is well 
defined, and obviously it is multiplicative, order preserving, and bijective. 
Also, we have that (p{f){y) = 1 whenever f{fi{y)) = 1, and (p{f){y) = 
whenever /(/i(y)) = 0, f A. Consequently, by Lemma |3.H we have that 
7?.i((/3) C TZ{(p). The other inclusion is immediate, so TZi{f) = T^i^)- 

We prove that TZ{ip) is dense in Y. Let Wq C y be open (and nonempty). 
Pick y G Wq and assume that y ^ = T^i so there exists fo £ A 

such that foiniy)) ^ 0,1 and ip{fo){y) G {0,1}. Let y := {x G X : < 
/o(x) < 1}. We next see that y does not belong to the interior of the 
set Wi := {z G Wq : ip{fo){z) = 0}. Otherwise, we can find go G '^y 
with 5ov(/o) = 0. This implies that f~^{go)fo = 0, against the fact that 
V~^(fl'o)(/^(y)) = 1 and fo{fJ-{y)) 7^ 0. On the other hand, y does not belong 
to the interior of the set 14^2 := {z G Wq : ip{fo){z) = 1}, because v'(/o) ^ 
Consequently, due to the form of Wi and 14^2; we have that y belongs to the 
closure of y \ {Wi U 14^2)- This means that 

W := fi-^ {V) n {Wo \ {Wi U W2)) ^ 0. 

As in the proof of the claim, it is clear that given any point in Y, and f,g £ A 
with g{fi{y)) < f{fj,{y)), then ip{g){y) < ip{f){y). Now it is straightforward 
to check that every point in W belongs to TZii^f) = T^i^)- 

We finally see that TZ{ip) is a cozero-set. Suppose that y G Y\TZ{(p). Take 
any net iza)a^\ in T^i^) converging to y. Clearly, since y ^ 7^i((/9), then 



6 



JESUS ARAUJO 



there exists f £ A with /(/-i(y)) 7^ 0, 1 and either ip{f){y) = or 1. Also 

_ logy(/)(Za) 

^^""^-log/(/.(z«)) 

for every a € A. The conclusion that liniQ, ^(zq,) G {0, +00} follows easily. 
Finally, it is clear that 7^(9?) coincides with the cozero-set of the continuous 
function Y — > R given by 

y^p{y) {p{yf + l) 
if ?/ G T^i^), and y ^ otherwise. □ 

Remark 3.1. If in Theorem 12.11 we assume that the semigroups satisfy just 
Properties 1 and 2, a similar proof ensures the existence of the homeo- 
morphism fj, between Y and X, even if the theorem does not hold (see 
Remark O)- 



In what follows, when we want to specify the homeomorphism /i and the 
map p corresponding to a multiplicative and bijective map as given in 
Theorem 12.11 we will write ip[fi,p]. It is obvious that ii ip = ip[fi,p], then 
ip~^ = [fi~^,q], where q = 1/ [p o fJ-^^) ■ 

Corollary 3.2. Let ip : A — > B be multiplicative and bijective, where 
A C C{X,I) and B C C{Y^I) are semigroups satisfying Properties 1, 2, 
and 3. IfTZ{ip) is pseudocompact, then TZ{ip) = Y. 

Proof. It is obvious that if ip = ip[fi,p] and ip~^ = (p~^[fi~^,q], then both p 
and q are bounded, and consequently neither +00 nor are limit points of 
p{TZ{ip)). The conclusion follows from Theorem 12.11 □ 

Proposition 3.3. Let ip : C{X,L) — > C{Y,L) be multiplicative and bijec- 
tive. Then Y = /?(7^((^)). 

Proof. We follow the notation given after Remark 13.11 Suppose that ip = 
(p[n,p]. It is clear that if 1 is the map constantly equal to 1 on X, and we 
consider the multiplicative bijection ip = 'ip[fi~^,l] : C{Y,L) — > C{X,L), 
then the composition poip : C(y, /) — > C{Y, L) is (po ';/)[idy,p] (where idy- 
ls the identity map on Y). Also, 7^i(v^) = TZi{ip o tp)^ so TZ{ip) = 'JZ{p o ip) 
(see Proof of Theorem 12. ID . Consequently we can assume without loss of 
generality that X = Y and fi = idy. 

Notice that if we consider the continuous extensions of p and q to maps 
from Y to [0,+cx3], as seen in Theorem 12.11 then p~^{{0}) = g~"'^({+oo}) 
and p~^ {{+00}) = q~^{{0}). Thus, assuming that P{Tl{p)) 7^ Y, at least 
one of the sets p~^({0}), Q~^({0}) is nonempty. We conclude that there is 
a continuous map from Y \p~^({0}), or from Y \ q~^{{0}), to / which does 
not admit a continuous extension to Y. 

Taking into account that TZi^p) = TZ[p~^), we assume without loss of 
generality that there exists a continuous function go : Y\p~^ ({0}) — > / that 
cannot be continuously extended to Y. We consider the map h S C{Y,L) 
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whose image by ip is the constant function 1/e. It is easily seen that, since 
p{y)logh{y) = logip{h){y) for every y G Ti-i^), then 

if y G Y\p-^{{0}), and /i = onp-^{{0}). 

Since p~^{{0}) is a zero-set, then there exists a sequence (-fiTn) of compact 
subsets of Y with Kn+i contained in the interior of Kn for each n € N, 
and such that p~"'^({0}) = fl^i ^n- For each n G N, we take gn G C(y, /) 
satisfying gn ^ go on Y \ Kn- We denote by /„ its counterimage by 99. 

Notice that if we define fo{z) = fn{z) whenever z ^ Kn, then : Y \ 
p~^({0}) — > I is continuous. It is also obvious that /q/i (defined as on 
p~^({0})) belongs to C{Y,I). On the other hand, we have that /q/i = fnh 
outside Kn for each n G N, and consequently 

"Pihh) = ififnh) = gn^{h) = go^{h) 

outside each Kn- This implies that ip{foh) = goip{h) on Y\p~^{{0})- Now it 
is easy to see that, since (p{h) = 1/e on p~^({0}), then ip{fQh) is not defined 
at some points of p~^({0}), which is absurd. □ 

Remark 3.2. We deduce in particular that if the set Y \ TZ{ip) is nonempty, 
then its cardinality is at least 2*^. Also, if it is endowed with the restricted 
topology, then no point in y \ 1Z{lp) is a Gs (see [U Chapter 9]). 

Remark 3.3. By Remark 13.21 we have that each point of Y having a count- 
able base of neighborhoods belongs to TZ{ip) for every ip. In particular, if Y 
is first countable, then TZ{ip) = Y, which is essentially Marovt's result. But 
there can be spaces which are not first countable, and for which every point 
is standard. As an easy example, consider a bijective and multiplicative map 
if : C([0,u;i],/) — > C([0,wi],/), where uJi denotes the first noncountable 
ordinal. Since each point of [0, cJi) has a countable base of neighborhoods, 
we deduce that [0,a;i] \ TZ{(p) C {wi}, and again by Remark 13.21 we cannot 
have [0, wi] \ TZ{ip) = {loi}. We conclude that 7l{ip) = [0,cji]. 

Remark 3.4. The conclusion given in Remark l3.3l is not true for more general 
semigroups, that is, not every point having a countable base of neighbor- 
hoods necessarily belongs to TZ{(p) (see Example 13. Sp . 

Using Theorem 12.11 it is easy to see that every isolated point is standard 
for every multiplicative bijection. More generally, the next result allows us 
to identify some points that belong to 'R-{ip) for every ip- 

CoroUary 3.4. Let y e Y be such that /3 {Y \ {y}) / Y. Then y G TZ{ip) 
for every multiplicative bijection (p : C {X, I) — > C (Y, I) . 



Proof. Suppose that y ^ T^{p)- Thus, taking into account Proposition 13.31 
and the fact that TZ{p) C y \ {y}, we deduce that (3 {Y \ {y}) = Y, and we 
are finished. □ 
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Remark 3.5. Obviously, the converse of Corollary 13.41 is in general not true. 
For an easy example, consider for instance the point coi in Remark 13. 3^ and 
take into account that (3[0,uji) = [0,u;i]. 

Remark 3.6. Marovt's result cannot be given in general for the kind of semi- 
groups we are dealing with, even if the ground spaces are assumed to be first 
countable. That is, it is possible that 'R-{(p) ^ X for a multiplicative bijec- 
tion if : A — > B, even in the case when A^B C{X,I) satisfy Properties 
1, 2, and 3, and the space X is first countable. We next include an example 
of this fact. 

Example 3.5. For a topological space Z, denote by C(Z, M>o) the set of 
all continuous maps from Z to [0,-|-oo). Let N U {oo} be the one-point 
compactification of N and let ip : C{NU{oo}, M>o) — > C(N, R>o) be defined, 
for each / G C(N U {cx)},M>o), as ip{f){n) := f{nY for every n e N. It 
is clear that is multiplicative and injective. Since it also preserves order, 
then the image of each / € C(N U {oo}, /) takes values in I. 

Consider now the subset Ai of C(NU{oo}, /) of all characteristic functions 
which are continuous, and let /o € C(NU {oo}, /) be the counterimage by 99 
of the constant function equal to 1/2. Define A as the set of all functions of 
the form / = agf^ for some a > 0, g (z Ai, and m £ Z, such that /(n) € I 
for every n G N. 

It is easy to see that if / G ^, then lim„ ,ao'p{f){n) exists, so in a 

natural way we may define a map ip : A — > C(NU {00}, /). Put B := '■p{A). 
It is easy to see that A and B satisfy Properties 1, 2, and 3. On the other 
hand, every point in N is isolated, and consequently N is contained in TZ{ip). 
Nevertheless, 00 does not belong to TZi^f)- 

Proof of Theorem \2.2l Suppose that there exists a multiplicative bijection 
ip : C{X,I) — > C{Y,I) that is not standard. First, by Theorem 12. 11 X and 

Y must be homeomorphic. Also, calling Z := TZ{p), we have by Corollary l3.2l 
that Z is not pseudocompact, and by Proposition 13.31 that Y = (3Z. 

Conversely, suppose that X and Y are homeomorphic, and that there 
exists a proper subset Z oi Y which is not pseudocompact, and such that 

Y = f5Z. It is clear that without loss of generality we may assume that 
X = Y . Since Z is not pseudocompact, then there exists an unbounded 
continuous function u : Z — > [l,+oo). We define a map ip : C{Z,I) — 
C{ZJ) as ip{g){z) := for each g G C{Z,I) and z e Z. 

It is easy to check that p is multiplicative and injective. Let us see that 
p is surjective. To this end, we take any k € C{Z,I), and consider the map 
Lfc : Z — > [—00,0] defined as Lk{z) := {log k{z)) / u{z) if k{z) ^ 0, and 
Lk{z) := —00 if k{z) = 0. It is easy to check that is continuous and that 
p{ex.pLf^) = k (assuming exp(— 00) = 0). 

Obviously p can be seen as a multiplicative bijection on C{[3Z, I). On the 
other hand, if for some homeomorphism ji : PZ — > (3Z and a continuous 
map V : j3Z — > (0,-|-oo), p{f){x) = f{^{x)Y^^^ for every /, then must 
be the identity on and v{z) = u{z) for every z ^ Z. This obviously 
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implies that v must attain the value +00 on some points of (3Z \ Z, which 
is absurd. □ 
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